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Abstract: The objective of this study is the theoretical and methodological analysis of the total productivity index,
as a measure of economic efficiency, assuming the existence of various inputs and various outputs. The defined
index is a measure of the overall change in productivity. The obtained chain two-factor indices are rationalized
Divisia indices.

The study actualizes the issues of economic efficiency, measurements of productivity and total productivity,
promotes relevant literature in this field, offering a simple methodology with numerous applications at the same
time. The presented concept is based on index numbers of total productivity of all factors. Using this approach,
net output is compared to a weighted average of all factor inputs. Therefore, a significant part of the study is
particularly the input weighting methodology, since it enables the appropriate connection of inputs and outputs,
combining their different units of measure at the same time.

The results obtained by applying the presented methodology in this paper provide the basis for numerous
empirical analyses of the level and dynamics of changes in the economies’ efficiency. Due to its simplicity, this
approach has several advantages over other similar approaches.
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JEL classification: C43 D24 E23 047

CaxeTak: Liurb oBe cTyamje je Teopmjcka 1 METOAONOLLKA aHanM3a WHAEKCa YKynHe NpoayKTUBHOCTH, kao Mepe
€KOHOMCKe ehMKACHOCTK, Y3 NPETNOCTaBKy NOCTOjatba BULLE MHMYTA M BULWE ayTnyTa. [leduHncaHmn HAEKC je
Mepa YKynHe NpoMeHe MpOAyKTMBHOCTU. [loOujeHn naH4yaHW ABOCHAKTOPCKM MHOEKCH Cy paLyOHaNN30BaHM
[uBncua nHaekeu.

CTyauja akTyenuayje nutawa ekoHOMCKe ehKacHOCTU, Mepetba MPOAYKTUBHOCTM U YKYMHE NPOAYKTUBHOCTH,
MPOMOBULLE PENEBAHTHY NUTepaTypy M3 oBe 06MacTu, a UCTOBPEMEHO HyaM jeOHOCTaBHY MeTOAONOMjy Koja
1ma 6pojHe npumeHe. Mpe3eHTOBaHM KOHLENT Ce 3aCHWBA Ha MHAEKCHUM GpojeByMa YKyNHe NpoayKTUBHOCTH
cBuX (hakTopa. TakaB NPUCTYN YKIby4yje nocMaTpake HETO ayTryTa Y OAHOCY Ha MOHAEePUCaHM MPOCEK MHMYTa
cBux ¢hakTopa. CTora 3HauajaH 4eo CTyauje YHM YpaBo METOLOMOMM|a NOHAEpUCatba UHMyTa, jep omoryhasa
noBesnBat-e MHMyTa M ayTnyTa, afn UCTOBPEMEHO M KOMOMHOBAH:E HUXOBUX PasnnuMTLX jeAnHULA Mepe.
Pesyntati fobujeHn npuMeHoM METOAO0MOrMje NpeacTaBibeHe y OBOM pady NpeacTaBrbajy 0CHOBY 3a GpojHe
eMNM1pUiCcKe aHann3e H1Boa M AMHaMWKe NpoMeHa edmkacHocTv npuspeae. 360r CBOje jeHOCTABHOCTM OBaj
MPUCTYN UMa HW3 NPESHOCTY Y OIHOCY Ha ApYre CRIMYHE MpUCTyMe.

KrbyyHe peum: ToTanHa npofyKTMBHOCT, MHEEKCHU Bpoj, ekOHOMCKa epukacHOCT, MPOAYKTUBHOCT pasa
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Introduction

The main goal of this paper is a concept that offers a simple methodology, resulting in
different index numbers, as a measure of the change in the level of productivity. In order to
measure the change in productivity, it is necessary to simultaneously monitor the changes in
the level of output, as well as the used inputs. Such changes are relatively simple to measure
if one input and one output are assumed, and much more complex if conditions are
investigated in which there are multiple inputs and multiple outputs at the same time. The
concept of index numbers is, actually, one of the solutions to these complex research
operations. Index numbers are real numbers that measure changes in a set of related variables.
They can be used as an indicator of total factor productivity, as TFP index numbers, but also
as partial productivity indicators - input and output index numbers. Also, index numbers can
be used to measure changes in prices and quantities, but also in comparative analyses at the
level of companies, industries, sectors, regions or economies.

The application of specific methods and criteria for measuring the level and growth
of economic efficiency implies previously clearly defined theoretical assumptions. The
production efficiency and its interaction with the phenomenon of development is in the center
of attention when talking about the problems of modern socio-economic development in
general, and economic development in particular (Baldwin & Gu, 2008). Namely, efficiency
is the level of performance of used resources, and it is expressed as the ratio of production
results and invested inputs. This is exactly what productivity is, so productivity is a general
indicator of production efficiency. Besides, productivity is an important indicator for
comparing the quality of the economy between related business entities in the country, and
between different countries as well (Deaton, 2010).

Economic theory offers various analytical bases for empirical productivity research.
However, there is no one, unique and generally accepted indicator that measures and
expresses economic efficiency. Also, productivity growth has multiple effects on economic
development, because more efficient production is the basis for the general improvement of
the economic conditions of any development. Efficiency is most often expressed and
measured by labor productivity (Balk, 2001). In order to see the quantitative dimension of
economic growth and development, it is necessary to express labor productivity, capital
productivity, but also other partial indicators of growth. The indicator of total productivity is
of special importance among them, as a summary indicator of development, as well as the
indicator of efficiency of transforming resources into products and services (Atkin,
Khandelwal, Osman, 2019). It can be said that total factor productivity (TFP) is an extremely
complex phenomenon, which refers to the long term and is connected with almost all
elements that determine the dynamics of economic life. This is precisely why the ability to
measure TFP is important. However, measuring TFP is not a goal, but a means or basis for
better organizing and managing production at different levels of the economy.

Economic theory offers different methodological procedures, as different indicators
of productivity. Each of these indicators expresses changes in the observed phenomenon in
a certain way, but at the same time has certain advantages and disadvantages.
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Productivity measurements, production function and Divisia index numbers 5

1. Total productivity factors as a measure of economic
efficiency

Exploring the causes and consequences of changes in productivity and the connection
between productivity and other economic categories is a complex matter because it requires
an analysis of the entire economic mechanism with numerous interactions of different
factors. The number of factors that affect productivity requires, from the analysis, prior
classification of these factors into relatively homogeneous groups, which significantly
depends on the level, the aspect and the purpose of the analysis itself (Diewert, 2004).

Sometimes, the complex phenomenon of total (global) factor productivity is
approached very simplistically and even incorrectly. It is wrong to view productivity as an
isolated phenomenon, because the level of productivity is determined by numerous and
different factors, and at the same time productivity has multiple effects on numerous other
economic categories. It is a complex interactive relationship. Analyses that take into account
all the complexity of this phenomenon are mostly limited to one segment of the problem or
set of relationships that are established between productivity and other categories at a certain
level of observation (Copeland & Shapiro, 2016).

The term “productivity” is generally used to express the relationship between output
and inputs used. This conceptual approach results in a number of development indicators and
significant advantages over other alternative concepts. The methodology proposed in this
paper includes weighting procedures, which ensure the combination of different output and
input units, but also their appropriate connection. The index numbers of “productivity of all
factors” are then based on observations of net outputs and weighted averages of capital and
labor inputs. Then, the changes in productivity and interactions to which they are conditioned
are viewed primarily in a long-term context.

Productivity is, therefore, a complex phenomenon essentially related to all those
forces that determine the dynamics of economic life. As a result of numerous and diverse
factors, changes in productivity significantly affect the movement of production costs,
investments, accumulation, employment, prices, wages, and have a significant role in the
development and changes in the structure of production. If productivity is defined as “labor
and capital productivity” or “efficiency that transforms a country’s resources into products
and services”, then the level of productivity is a summary indicator of a country’s level of
development (Hill, 2004).

Low or declining productivity growth rate legitimately induces numerous economic
disturbances that are multiplicatively carried over to all segments of the economic structure
with a number of negative consequences. Economic efficiency is confirmed in faster or at
least equal growth of costs and production results. Therefore, a low productivity growth rate
directly affects the increase in total costs. Higher costs produce high prices of manufactured
goods, and thus a decrease in sales volume, which further reduces the volume of production
per employee and reduces overall work activity. This has a feedback effect on the further
decline in productivity and income, which results in an increase in inflation and capital ratio,
unemployment and a general decline in living standards.
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The total productivity index is defined as the ratio of production growth and
investment growth of all factors weighted by their relative importance. This is a summary
indicator of actual production efficiency. The growth rate of total productivity is actually a
weighted average of the growth rates of labor productivity and capital productivity, and
indicates an increase in production that is realized without additional investment of factors.
One of the dilemmas is whether to put the effect of production in relation only to human labor
or to the total costs of production. Recognizing the fact that not only human (labor) but also
material factors are engaged in the production process, certain dilemmas arise in terms of
understanding productivity. Labor is only a part of the costs in the production process, so
labor productivity is only one of the forms of economy and a measure of business success of
economic entities. However, it is necessary to ensure the reproduction of all expenses from
the realized income. If global (total or overall) productivity is expressed as: Y/(K+L), the
methodological question arises whether K and L can be added. Numerous authors give a
negative answer to this question (Diewert, 2015) and consider that total productivity is a
theoretical concept that is quantitatively indeterminate. “Total productivity remains a concept
without quantitative certainty and thus practical applicability...provides broad analytical
possibilities in economic research” (Althin, 2001).

In addition to measuring total factor productivity (TFP) and methodological
possibilities and limitations of TFP measurement, this paper also discusses Divisia or chain-
link indexes. Namely, it starts from the point of view that the Divisia indices are the most
appropriate and most suitable for studying the sources of economic growth. “The great
advantage of the Divisia index is alleged to be its “accuracy”, that is, its capacity to combine
time series of prices and quantities to give a true reflection of the height of a utility or
production function over time” (Usher, 1974). The results of numerous studies show that the
acceptability and accuracy of the Divisia index implies very restrictive conditions for their
application. This paper considers the properties of the Divisia, or chain-link, index, as they
relate to the argument that this is the most appropriate index for use in studying the sources
of economic growth. Usher D. (1974) indicates that “misplaced confidence in the Divisia
index has led to errors of interpretation that might otherwise have been avoided, and has
given rise to a distorted view of the process of economic growth”.

2. Methodology for measuring total factor productivity

We start from the definition that the production function is an analytical summary description
of the relationship between production costs and the quantity of finished products (Dean,
Harper & Sherwood, 1996). The initial assumption of this model of estimating qualitative
development factors is a multifactorial production function (Jorgenson & Griliches, 1971)
characterized by a constant rate of return:

Y=f(KLT) €))

If py, px and pr are the prices of output, capital and labor, it is possible to define the
share of capital and labor inputs in the output (wx i wr):
px'K pLL
= — = — 2
K= oy L=y (2
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The necessary equilibrium condition is obtained by equality between all values of
participation, on one side, and the output elasticity and corresponding input, on the other side:

alny

_ oy W, =
L dinL

wg =— (K,L,T)

= o (K,LT) ®

Assuming a constant rate of return, the sum of elasticities and value shares is 1. The
rate of technical progress (wr) can be defined as the output growth over time, assuming a
constant capital and labor input:

_ olny

T_F (K)LIT) (4)

At a constant rate of return, technical progress can be expressed as the output growth
rate minus the weighted average growth rate of capital and labor inputs (Madzar,
1981). Weights represent the value of the corresponding input shares:

dinK dinL
—tw, —+w 5
K g TWL g tWr Q)

This expression of the rate of technical progress represents the quantitative index of
technical progress — Divisia index (Hulten, 2008). In modern research, the Divisia indices
represent a continuous series of numbers which, through the potential production function,
are connected to the basic structure of the economy. However, it is sometimes possible for
index numbers, even without a full appreciation of the economic structure, to show its basic
characteristics even when only data on prices and quantities are used. The Divisia index is
widely used in theoretical discussions of productivity analysis, and has important
applications elsewhere. Older applications of the Divisia stressed its discrete-time axiomatic
properties.

Total output (Y) can also be expressed as a function of aggregate input (M). The
production function then takes the form:

Y =g[M (K,L),T] (6)

The function g is linearly homogeneous for the aggregate inputs of capital and labor,
while the technical progress of Hicks is neutral (Haughwout, 1998):
Y =A()-M(K,L) @)
The rate of technical progress depends only on time:
wp =2 ®)
The growth rate of aggregate input is the weighted average growth rate of capital and labor
input:

dinM w dan+W dinL
ac K oar Loar

+wr €))

which represents the Divisia input index.

At a constant rate of return, the necessary condition of producer’s equilibrium is that
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the prices of output and input are consistent with the equality between the value of output
and the sum of the value of input:

py Y=px-K+pL-L (10)
the obtained equation allows the output price to be expressed as a function p of the input
price:

py=p(px, pr, t) (1)

which represents a function of prices, i.e. the price of each aggregate can be expressed as a
function of the prices of its components.

The rate of technical progress can be defined as the negative output growth over time at
constant input prices:

al
wr = == (D, L, t) (12)

or as a rate of weighted average input prices reduced by the growth rate of output prices
(where weights are the corresponding value shares of input):

din din
Py __ w PK

dinpy,
dt K at

dt t

+wy (13)

This equation represents the Divisia price index of technical progress (Balk, 2005).

If the output is a function of aggregate input, the output price can be expressed as a function
of aggregate input price (pm):

_ _ pbuPk.prL)
py = — bl (14

then the growth rate of aggregate input price can be expressed as a weighted average growth
rate of input prices (K and L):

dinpy _ dinpg dinpp,
ac K gt L ge

15)
which represents the Divisia price index of input.

The main characteristic of the Divisia index is that the aggregate index represents the
product of its price and quantity. At the same time, aggregate indices are equal to the sum of
aggregate components. Besides, Divisia indices have a reproductive property.

The proposed methodology for measuring productivity is based on the model of
production and technical changes, which allows the analysis of the sources of output growth
of certain economic areas (sectors). The complete model implies the production function of
the sector (Caves, Laurits & Diewert, 1982), where the output is a function of capital, labor,
reproductive consumption and time input:

Y; = fi(Ki, Ly, T) i=1,2,3,... (16)
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Based on the defined production functions, it is possible to generate index numbers
for sector outputs (Y:), capital, labor and reproductive consumption inputs (Ki, Li;, Xy),
corresponding prices and sector productivity.

The analysis of substitution between primary factors of production and reproductive
consumption enables the combination of sectoral production functions and necessary
equilibrium conditions (Trivi¢, Todi¢, 2022). Equilibrium conditions are defined by the
equations between the value shares of each input in the sector and the elasticities of the output
in relation to that input:

i alny;
W)l( = alnX; (Xi'KilLi'T)

i alny;
wg = aanLl- (Xi, K, Ly, T) (17)
wi=2M0 (X, K, Ly, T)

dlnL;

At constant returns on capital (if we start from this assumption), the sum of elasticity
and value shares of all three inputs is 1, for each sector:

wi+wk +wl=1 (18)

The elasticity coefficients depend on the time and input variables of the production
functions of the sector. The analysis of changes in substitution coefficients over time
represents defined (known) rates of technical progress for each sector, defined as the growth
rates of a sector’s output at constant inputs of all factors. Rates of technical progress, as well
as the elasticity of sectors outputs and inputs, depend on inputs and time (Lipsey & Carlaw,
2004). Then, the rate of technical progress (w;) can be defined for each of the n sectors as:

i dlnpy
we =—= (X;, K, L, T) (19)

Assuming constant returns on capital, the rate of technical progress can be defined as

the growth rate of the corresponding sector output minus the weighted average growth rate

of inputs (X, K and L) of that sector, and the weights are given by the corresponding shares
of factors:

diny; _ dinY; . dinX; alny; . dinK; alny; . dinL; + alny; — Wi dinX; + Wi dinK; +
dt dlnx; dt alnK; dt dlnL;  dt at X at K gt
i dinL; i i
P wh L2 (20)

The expression (20) represents the Divisia quantitative index of sectoral rates of technical
progress.

If the production function for each sector individually defines the output Y; as a
function of the aggregate of total input (M), then

Y, = gi[M;, (X;, K, Ly), t] 21

Ananu ExorHomekor cpakynteta y Cy6otuum — The Annals of the Faculty of Economics in Subotica, Vol. 61, No. 53, pp. 003-016



10

Nada Trivié

The total M; is linearly homogeneous with respect to the inputs X;, Ky, L; of that sector.
This implies that the technical progress of the Hicks sector is neutral, so it is:

Y, = A0 - My(X;, K, L) (22)
and technical progress is:
i _ dinAi(t)
wi = 4240 (23)

The growth rate of sectoral input aggregates can be expressed as a weighted average
growth rate of individual inputs:
dinM; _  ; dlnX; i dinkK; i dlnL;
ac - Wx T Wk WLy

24

The model set up in this way does not require the existence of aggregate input of the
sector to determine the index of technical progress of the sector, just as it does not require
Hicks neutrality of technical progress of the sector. Defining the productivity index for each
sector assumes that the sector output (Y;) can be expressed as a translog function of sectors
inputs. The productivity index is a translog index of sectoral technical progress (Gordon &
Griliches, 1997):

wi = [InY;(t) — InY;(t — D] — wi[InX;(¢) — InX;(t — 1)] -

wk[InK;(t) — InK;(t — 1)] — wi[InL;(t) — InL;(t — 1)] (25)
Weights represent the average shares of sectoral inputs in the value of sectoral output. The
assumption is that the output value is equal to the sum of the input values (Dean, Harper &

Sherwood, 1996). Value shares can be calculated from data on output (Y;) and its price (p}),
inputs (X;, K;, L;) and their prices (p%, vk, PL)-

It is possible to compare the productivity indices defined in this way with the
productivity indices based on value added (wvt) (Coelli, Prasada & Battese, 1998). These
indices are generated based on the translog output index as:

wye = wi - wi (26)

Value added is equal to the sum of the value of capital and labor inputs (Triplett, 2004).
Weights wy, are given through the average share of value added in the sectoral output value.

If the scalar index m of outputs in time t is denoted by Y, the scalar index m of inputs
by M, and their derivatives by time by Y’/Y and M’/M, then the total factor productivity
index (TFP) is:

TP =Y/, - M/, @7)

The logical question is, what conditions should apply so the total productivity factor
can be measured in this way? The set of satisfactory conditions is that there is a consistent
index of aggregate output and a consistent index of aggregate input (Uguccioni, 2016). If a
hypothetical separation of the additive type is further assumed, the production function of the
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form can be specified:

g =fM,t)=0 or gV = f(M,t) (28)

Assuming that the function g and f'is characterized by a constant rate of return to a given
quantity, which is not necessary but it is useful for data movement and calculation, then the
total productivity factor is a partial derivative:

alnf (M,t)
Ept = T (29)

If the output of a specific form of the production function f'at moments ¢ and -/ is
represented by Y: and Y1, and index numbers, as specific measures of output, by It and It.1,
such index numbers are assumed to be correct if:

v _ It
i1 It (30)
The index thus defined is correct for a homogeneous production function of the
translog form (Diewert, 2005), which is equally valid for the price index. This provides a
theoretical basis for the use of these indices in productivity analyses, and also explains the
name “translog index”. Other expressions of index numbers are correct for other forms of
functions and can also be used (McLellan, 2004).

3. Application and characteristics of methods of measuring
total productivity

Macroeconomic research of this type represents an ex-post analysis. The basis of the analysis
is the production function, as an organizational principle of measuring the relationship of
productivity with other quantities. Using a two-factor production function, T is sometimes
called “technology”, and includes all the elements that affect the output, in addition to
changes in the physical volume of inputs of material factors. As intangible factors accumulate
through investment in education, research and development, this “intangible capital” is the
primary source of efficiency (Bils & Klenow, 2001). The impression is that T will show
minor changes if intangible inputs are included in the function together with material ones
(Tomat, 2006). The Cobb-Douglas production function is defined for a given level of
technology. If changes in technology need to be adjusted to logarithmic time series Y, K, L,
it is necessary to keep in mind the change of scalar A, as well as exponent b. The magnitude
of their changes can be estimated by different methods.

The expression (1+r)" can be used instead of A:. At the same time, r measures the
average annual scalar rates A resulting from technological changes (Feder, 2017). The value
of the coefficient r is then equal to the slope of the trend line adjusted by the index numbers
of productivity obtained as the output ratio to the weighted geometric average of the input:

Ye/(L2 - Ki7P) (31)
The main disadvantage of the described procedure is that it gives average productivity

growth rates for the observed period as a whole. Further development of this methodology
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aims to enable greater flexibility in changing the relationship between variables, which
includes the possibility of estimating annual productivity growth rates.

According to the second method, the annual growth rates A¢ can be obtained as the
difference between the rate of change in output and the rate of change in weighted inputs
(Trivi¢, 2004). By differentiating the production function, the following is obtained:

By =AY [o - [b(AL/) + @ —b) - (BK/R)] (32)

which results in an annual productivity growth rate.

Time series of productivity can be provided by successively linking the annual rates
of change in the residual with the base period, which has a value of 100. The rate of total
factor productivity is then:

b1+ 1=b)-K] (33)

Thus expressed fotal factor productivity is the ratio of output and weighted arithmetic
average of input. The weights are not derived from the statistical production function, but the
income shares of the factors are estimated. In estimating the values obtained by this (index)
approach, the assumption of the starting point of the Cobb-Douglas production function on
linear homogeneity with unit elasticity of substitution between factors is avoided (Atkinson,
Cornwell & Honerkamp, 2003).

This evaluation procedure is simpler than a number of others. It is often used in
productivity analyses and is consistent with the weighting procedure used in measuring the
real product (Diewert & Nakamura, 2003). Unlike a number of others, this weighting
procedure does not require assumptions about the tendency to reduce the marginal
productivity factors and about the neutrality of technical progress.

Conclusion

The primary goal of this theoretical and methodological analysis is the definition of the total
productivity index, as a measure of economic efficiency, assuming the existence of multiple-
inputs and multiple-outputs. The defined index is a measure of total productivity change, as
a combination of technological change, technological efficiency change and scale efficiency
change. The term productivity is generally accepted to denote the relationship between output
and associated inputs used in the production process. The main goal of measuring total
productivity is to estimate the impact of investments and other variables that improve
knowledge and enhance the growth of production (output). That is, the goal is to estimate the
contributions of individual factors to production efficiency. The total factor productivity
index starts from the production function with constant returns and necessary equilibrium
conditions.

The question arises: why is productivity growth considered so significant? Namely,
productivity growth is closely related to general economic growth, with a number of other
economic aggregates, but also with the growth of living standards. Why or how? An increase
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Productivity measurements, production function and Divisia index numbers 13

in production can occur with an increase in inputs or with an increase in productivity. It
should be borne in mind that productivity growth is only the production growth that is greater
than the input growth, which is the essence of the method of estimating productivity growth.
Defined as the ratio of production and combined labor and capital costs, this index expresses
changes in real product and real input costs.

The analysis of general efficiency on the basis of the total productivity index has a
number of advantages compared to the measure of technical progress obtained on the basis
of the production function. They can be reduced to the following:

1. non-parametric form of testing the correlation, eliminates the difficulties of statistical
evaluation;

2. weighting system based on the estimates of factor shares in the functional distribution is
simpler than the parameters obtained based on production function;

3. certain data corrections on weight values in aggregation, as well as on factor consumptions
are possible.

The central part of this paper is the analysis of the methodological possibilities of
defining the output, input and total productivity indices. To that end, on the basis of general
theoretical interdependencies and mathematical axioms, the formulas of the corresponding
chain indices were defined. A consistent result of such an approach implies that the
possibility of measurement and quality adjustment of physical capital input and labor input
is analyzed with special attention. The results obtained by applying the methodology
presented in this paper are the basis for further empirical analysis of the level and dynamics
of changes in the efficiency of the economy as a whole. This approach is easy to apply, and
allows precise delineation of rates of change in productivity and its changes. The
methodology developed in this article has a number of applications.
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